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(— I , In this paper, we study the change of the ADM mass of an ALE 

space along the Ricci flow. Thus we flrst show that the ALE property 
is preserved under the Ricci flow. Then, we show that the mass is 
invariant under the flow in dimension three (similar results hold in 
higher dimension with more assumptions). A consequence of this result 
is the following. Let {M,g) be an ALE manifold of dimension n ~ 3. 
I If m{g) ^ 0, then the Ricci flow starting at g can not have Euclidean 

space as its (uniform) limit. 
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O ; 1 Introduction 

■ 

. Ricci flow is an important geometric evolution equation in Rieman- 

nian Geometry. It was introduced by R. Hamilton in 1982 (see 
and used extensively by him to prove some outstanding results on 3- 
manifolds and 4-manifolds. Recently it has been used spectacularly by 
G.Perelman ^14 to study the geometrization conjecture on 3-manifold. 
I The flow has also been very useful in the study of pinching results 

and metric smoothing process. As a natural geometric tool, Ricci flow 
should be used to study properties of physically meaningful objects 
such as mass, entropy, etc. In this paper we would like to understand 
the behavior of mass under the Ricci flow. 
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In general relativity, isolated gravitational systems are modeled by 
spacetimes that asymptotically approach Minkowski spacetime at in- 
finity. The spatial slices of such spacetimes are then the so called 
asymptotically fiat or asymptotically Euclidean (AE in short) mani- 
folds. That is, Riemannian manifolds (M", g) such that M = MqUMoo 
(for simplicity we deal only with the case of one end; the case of mul- 
tiple ends can be dealt with similarly) with Mq compact and ^ 
M"— 5^(0) for some i? > so that in the induced Euclidean coordinates 
the metric satisfies the asymptotic conditions 

g,, = S,,+0{r--), dug^, = 0{r—^), 8^8^, = 0{r'--'). (1.1) 

Here r > is the asymptotic order and r is the Euclidean distance 
to a base point. The total mass (the ADM mass) of the gravitational 
system can then be defined via a fiux integral PP, jT2] 

m{g) = lim / {digij - djgu) * dxj. (1.2) 

R^co AuJn Jsn 

Here Un denotes the volume of the {n — l)-sphere and Sr the Euclidean 
sphere with radius R centered at the base point. By 3J, when the scalar 
curvature is integrable and r > the mass m{g) is well defined and 
independent of the coordinates at infinity, and therefore is a metric 
invariant. The famous Positive Mass Theorem, proved by Schoen-Yau 
[in] (later Witten gave an elegant spinor proof [20] ) , says that the mass 
^{9) > if the scalar curvature is nonnegative (and the manifold is 
spin). Moreover, m{g) = if and only if M is the Euclidean space. 

There is also the notion of asymptotically locally Euclidean, or ALE 
for short, manifolds. For our purpose we will use the following charac- 
terization of the ALE property of a complete non-compact Riemannian 
manifold {M,g). Namely we use the curvature decay condition 

|/2m|(x) = 0(rf(x)-(2+-)) (1.3) 

for some r > as d{x) 00, and the volume growth condition 

Vol{Br,g)>Vr'' (1.4) 

for some constant V > 0. Here Rm is the Riemannian curvature tensor 
of the metric g, and d{x) is the distance function from the base point. 
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According to [1 Theorem (1.1)], JOl), (0 imply that {M,g) is 
asymptotically locally Euclidean. Namely, M = Mq U Mqo with Mq 
compact and M^q — (M" — Bji{0)) /F, where T C 0(n) is a finite group 
acting freely on M" — -Bi?(0), so that the asymptotic conditions ()1.1|) 
hold. For an ALE manifold {M,g), the mass m{g) can be defined by 
(jl.2|) again, except that Sr should be taken as the distance sphere or, 
equivalently, the quotient of the Euclidean sphere by F. 

An ALE manifold (M, g) is actually AE if the asymptotic volume 
ratio fi = 1. Here 

/i= lim V{Br,g)/Qnr'', (1.5) 

r— >oo 

where f2„ is the volume of the unit ball in the standard n-dimensional 
Euclidean space M". 

As we mentioned, we would like to investigate the behavior of the 
mass m{g) under the Ricci fiow. Recall that the Ricci fiow is a family 
of evolving metrics g{t) such that 

^^git) = -2Rc{g{t)), (1.6) 

on M with g{0) = g, where Rc{g{t)) is the Ricci tensor of the metric 
g{t). To make sure that the mass is well defined under this evolving 
fiow g{t), we first need to show that the ALE property is preserved 
along the fiow. 

Our main result is the following 

Theorem 1. Let g{t), < t < T < +oo, be a Ricci flow on M with 
{M,g{0)) being an ALE (AE resp.) manifold of dimension n. Assume 
that g{t) has uniformly bounded sectional curvature. Then 

A) , the ALE (AE resp.) property is preserved along the flow; 

B) . the integrability condition R ^ is also preserved along the 
flow provided li4-^5^ ^^^^ (|^.i:^6| ) hold, which is the case if either R = 
0{r^'^), q > n and r > or r > maxjr;, — 4, ^^}. 

C) . Under the conditions above, the mass m{t) = m{g{t)) is well 
defined, and 

m'{t) = I RidS\ (1.7) 

J Sr — *oo 

where dS^ = * dxi. Furthermore, if R = 0{r~'^) for q > n and 
T > orr > max{n — 3, ^^}, the mass is invariant under the Ricci 
flow. In particular, the mass is invariant in dimension 3 (t > 
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D). Assume that the initial metric g{fS) = g satisfies the additional 
decay condition 

dkdidpg,j = 0{r'^-'), (1.8) 

then the mass is invariant under the Ricci flow if n < Q ( and r > ) 
or if T > max{n — 4, } . 

That the ALE property is preserved will be obtained by using the 
maximum principles of Ecker-Huisken ^ and W.X.Shi ^21; Cf. also 
P.Li and S.T.Yau ^HI- To compute the changing rate of the mass of 
the evolving metric g{t), the key part is to get a decay estimate of the 
space derivative of the scalar curvature function i?(x, t) of the metric 
g{t) at infinity, which is furnished by Shi's local gradient estimate [TH] . 

Theorem 2. Let g{t), < t < +oo, be a Ricci flow on M with uni- 
formly bounded sectional curvature. Assume further that each g{t) is 
ALE and g{t) converges uniformly to an ALE metric goo as t goes to 
infinity. Then 

lim m{g{t)) = m{goo). 

The notion of uniform convergence is introduced by using the space 
A4r of [I2j, see Definitional A direct consequence of Theorems Q and 
121 is the following 

Corollary 3. Let (M, g) be an ALE manifold of dimension n = 3 or 
of asymptotic order r > maxjra — 3, ■^^}. If m{g) ^ 0, then the Ricci 
flow starting at g can not converge uniformly to a Euclidean space. 

Note that the Ricci flow preserves nonnegative scalar curvature 0. 
Thus, one can look for applications of our results by combining with the 
positive mass theorem of Schoen and Yau. For example, one sees that 
there are no complete non-compact Riemannian manifolds satisfying 
the hypothesis of the Main Theorem in ^3] in dimension 3 by using 
the long time convergence result of ^21, Theorems ^ and |2l and the 
positive mass theorem, see also |H]- 

Let us explain why Theorem ^ comes so natural. We begin by 
recalling some basic facts about Ricci flow on complete non-compact 
Riemannian manifold {M,g) with bounded sectional curvature Kq. 

Let g{t) be a family of the metrics evolving under the Ricci flow on 
M with initial data g, < t < T < +oo. We shall write by Vg{t} and 
Rijki{t) the Riemannian connection and Riemannian curvature tensor 
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of g{t) respectively. R.Hamilton proved in [Hj that the asymptotic 
volume ratio fi(t) = fi{g(t)) of (jl.Sj) is a constant under the Ricci 
flow with bounded curvature and nonnegative Ricci curvature, where 
\Rm\ — >^ at infinity on complete non-compact Riemannian manifold. 
This result tells us that if 7^ 1 at t = 0, then the Ricci flow can not 
have Euclidean space as its limit. 

It is well known that Ricci flow smoothes out the metric. W.X.Shi 
[TB] showed that there exists a positive constant T > such that for 
any integer a > and any < t < T, there exist constants c(n, Kq) , 
c(n, Kq, T) and c(n, , J^o, a, t) such that 

g-c{n,Xo)i^ < g{t) < e'=("'^o)*f7, I V, - V,(i)| < c(n, K,)t, 
\Rijki\ < c{n,Ko,T), 

and 

|V^(j)%H(t)| < c{n,Ko,a,t). 

All these facts will be implicitly used in this paper. We note that there 
is also uniqueness in this setting by the recent result of [S] and 0. It 
is clear that the volume growth condition ()1.4j) is preserved along the 
Ricci flow. In section 18 in P, R.Hamilton further proved that if the 
curvature Rm ^ as s — +00 for the initial metric, where s the 
distance function to a fixed point of the metric g, the same is true for 
each g{t). So it is very natural for one to expect that if the curvature 
of the initial metric has decay at infinity, then the same is true for the 
evolving metric g{t). With this understanding, we want to know the 
change of the mass under the flow. 

Throughout this paper we will denote by C, c various constants 
depending only on dimension. 

2 Preliminaries 

In this section we briefly introduce some facts on Ricci flow, we shall 
use notations from ^Uj. Let M be a manifold of dimension n, g{t) a 
family of metrics evolving by Ricci flow The curvature tensor 

evolves by the equation 

d 

-^Rm = ARm + Rm * Rm, (2.9) 



5 



where Rm*Rm denotes a quadratic expression of the curvature tensor. 
It follows then 

d 

— |i?mP = A|i?mp — 2|V-RmP + Rm * Rm * Rm, 
at 

which yields 

d 

— \Rm\'^<A\Rm\'^ + C\Rm\^. (2.10) 

The evolution equation for the scalar curvature is much simpler, 
and one has 

d 

—R^AR + 2\Rcf. (2.11) 
at 

Now let X be a point in M. Let Y = {Ya}, 1 < a < n be a frame 
at X. In local coordinates X — {x*}, we have 

F„ = y:d/dx\ 

Let 

gab = g{Ya,Yb), 

and let 

= yld/dyl 

be the vector fields tangent to the fibers of the frame bundle. Write by 
Da the vector field on the frame bundle F[M) which is the lift of the 
vector y; at y e F{M). Then we have 

Da = y\W - ^%vldlH\ 

where Lf^s are the Christoffel symbols of the connection. Under the 
Ricci flow, we can define the evolving orthonormal frame on M such 
that 

d,Fi = g'^R.uFl 
where {g"^) is the inverse matrix of [gij). Then we set 

= 5* + Rabg'"'^\- 

Note that 

Dtgah = 0. 

This says that Df is the unique tangent vector field to the orthonormal 
bundle. Choose a metric on F[M) such that D^, are an orthonormal 



6 



basis. Then we can see that Dt — (9^ is a space-hke vector orthonormal 
to the orthonormal frame bundle. A useful fact for us is that for a 
smooth function m on M x (0,T), we have 

(A - ^)DaU = Da{dt - A)u. (2.12) 

We now recall R.Hamilton's argument Assume that a K-bounded 
smooth function u satisfies the heat equation 

ut = Au, in M (2.13) 

with I^Mp < (5 at t = 0. Then we have by TTWi 

DtDaU = ADaU 

and thus 

dtlDul"^ = A\Du\'^ -2\D\\'^. 
By the maximum principle of Shi jTS] we have 

\Du\'^{x,t) <5. (2.14) 

Let F = + \Du\'^. Then by a direct computation, we have 

dtF < AF - {1 -cKt)\D\\'^. 

Hence, by the maximum principle of Shi ^S] again we get for t < 1/ cK, 

F{x,t) < (5^ 

which implies that 

\D\\ < 5/Vt. 

Note that \Au\^ < n\D'^u\^. Using the heat equation we obtain that 
for t < 1/cK, 

\ut\ < Vn6/ Vi. 

Therefore, we have 

\u{x, t) -u{x,0)\ < 2v^5v^. 
Take 6 < \/Ke^ and assume that 

lim u{x,0) = 0, in M 



uniformly. Then we can conclude using an iteration argument that for 
any t G [0,T], 

lim u{x,t) = 0, in M 

s— »oo 

uniformly. In fact, R.Hamilton |U] has showed that for any 6 > and 
for any bounded smooth function Uq G C^(M) with lims_.oo Wo(a^) = 0, 
one can find a bounded smooth solution u{x,t) to the heat equation 
such that uo{x) < u{x,0) and \Du\'^{x,t) < S on M x [0,T]. 

3 ALE is preserved 

In this section we study the ALE property under the Ricci flow and 
show that it is preserved. It can be reduced to studying the non- 
negative solutions to the heat equation 

ut = Am, in M (3.15) 

with initial data u{0) = uq, where A = ^g{t) is the Laplacian operator 
of the family of metrics g{t). We assume that Uq has a decay 0{d{x)^'^) 
for some a > 0. 

Theorem 4. Let g{t) he the solution of the Ricci flow M.t^) over [0,T]. 
Assume that g{t) has uniform curvature bound \Rm{g{t))\ < K. Then 
non-negative solutions to have the same decay rate as the initial 

data Uq. 

The main tools here are the maximum principles, especially the 
maximum principle of Theorem 4.3]. For reader's convenience, we 
quote the result here (the superscript 't' is put in here to emphasize 
the t-dependence from the metric g{t)). 

Theorem 5 (Ecker-Huisken). Suppose that the complete non-compact 
manifold M" with Riemannian metric g{t) satisfies the uniform volume 
growth condition 

vol*(5*(p)) < exp (fc(l + r^)) (3.16) 

for some point p E M and a uniform constant k > for all t G [0, T] . 
Let w he a function on M x [0,T] which is smooth on M x (0,T] and 
continuous on M x [0,T]. Assume that w and g{t) satisfy 
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i). the differential inequality 
d 

— w - A*w < Si - Vw + bw, (3.17) 
ot 

where the vector field a and the function b are uniformly bounded 

suPa/x[o,t]I a| < ai, supmxIo,t]\ b\ < «2 (3.18) 

for some constants ai, 0^2 < 00; 
a), the initial data 

w{p,0)<0 (3.19) 

for all p G M; 

Hi), the growth condition 

(^j exp [-a^d\p,yf] \Vw\^{y)d^i^ dt < 00 (3.20) 

for some constant > 0; 

iv). bounded variation condition in metrics 

d 

suPa/x[o,t]I^£/WI < "4 (3.21) 

for some constant ^4 < 00. 
Then, we have 

W7 < (3.22) 

on M X [0,T]. 

In our situation, with the metric g{t) coming from the Ricci flow 
()1.6|) . the condition ()3.2H) is clearly satisfied by the uniform curvature 
bound. The uniform volume growth condition ()3.16|) also follows imme- 
diately from the volume comparison theorem via the curvature bound. 
The differential inequality will be coming from a modification of the 
solution of the heat equation (j3.15|) . To see that the coefficients are 
uniformly bounded per (j3.18p requires the following lemma. 

Lemma 6. Let g(t) be the solution of the Ricci flow Al.d]) over [0, T] 
with g{0) = g being an ALE. Assume that g{t) has uniform curvature 
bound \Rm{g{t))\ < K . Then, for sufficiently large R, there is a smooth 
positive function f on M such that 

f{x) = Co»l, forxeBn; 
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cd\x) < f{x) <Cd\x) forxeM-BR. 

Moreover 

f > Co, |VV| < Ci, |AV| < C2. 

Proof. Since (M, g) is ALE, we have coordinates at infinity, which we 
denote by x. Let |x| be the Euchdean distance function. 
Choose a smooth increasing function 0(s) on M such that 

0(s)=Co = ^-l, iis<R-l; 
0(s) =s, if s > i?, 

and 

101 < 1, |0"I < 2. 

We define our function / to be f{x) = 4>{\x\ ). Then clearly / > Cq. 
Since the metrics g{t) are all equivalent and 5^(0) = g is ALE, we can 
use the Euclidean norm in estimating |V*/| and |A*/|. Then 

|VV| = |0'||V*|a;||<C2. 

Similarly the estimate 

|AV| < C2 

follows from the coordinate expression of the Laplacian 

and the known estimate for g{t). □ 

We now suppress the superscript 't' with the understanding that all 
covariant derivatives and Laplacian are taken with respect to g{t). 

In our application of Theorem El to the proof of Theorem 01 we will 
let w = f"u, where cr > 0. Then the growth condition ()3.20p follows 
from the gradient bound ()2.14|) . which implies that 

ivw| < c(T)r+\ 

We now turn to the proof of Theorem 01 
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Proof. For simplicity, we assume that (M, qq) is an ALE with one end. 
Let uo{x) = 0{d{x)~'^) as d{x) oo, where the distance function is 
with respect to a fixed point a in M. Choose a global smooth positive 
function f{x) on M as in Lemma Inland let 

h{x) = f{xY. 

Set w{x,t) = h{x)u{x,t). Then, by a direct computation we have 
that 

wt = hut, 
Wi = hiU + hui 

and 

Aw = A/iM + 2VhVu + hAu. 

Hence, 

{dt - A)w = Bw-2V log hVw. 

where B{x,t) = ^iYI^L^Jl^^ Note that the coefficients B and Vlog/i 
are uniformly bounded by Lemma El In particular, \B\ < b. Since 

w{x,0) = d{xYuo{x) < D < +00, 

and 

{dt ~A){w~ De'^) < B{w - De'^) - 2V log hV{w - De'^), 

we have by the maximum principle of Ecker-Huisken, Theorem (see 
also the proofs of Theorem 18.2 jHj and Theorem 4.3 in pj, see also 
|15j ) that there exists a uniform constant Ci > such that 

where Mt = M x [0,T]. This implies the desired decay for u{x,t). 

□ 

We are now in a position to prove the first part of Theorem ^ In 
fact, since \Rm{go)\ < Codi^x)^'^ for d{x) » 1, where a = 2+r, we can 
choose a bounded smooth function uq, which dominates the function 
\Rm{go)\'^ such that it is Cod{x)~'^'^ for d{x) » 1 and has bounded 
gradient. Let u be the solution of heat equation as above. Then under 
Ricci fiow, we have from (j2.1Uj) and the uniform curvature bound 

dt\Rm\'^ < A\Rm\'^ + CK\Rm\'^ 
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while 

Therefore, we have by the maximum principle of Shi and Theorem 
mthat 

|i?m|2 < e^^'u < e^^'dix)-^", on M. 
Thus, under the Ricci flow, the ALE property is preserved. 

Remark 7. That the ALE property is preserved does not follow from 
071 Remark 0.9], as was claimed there. 

The same is true for AE, as we have the following analog of a the- 
orem of Hamilton [H] . 

Corollary 8. Let g{t), < t < T , be a Ricci flow on M with uniformly 
bounded sectional curvature. Assume further that g{0) is ALE. Then 
the asymptotic volume ratio fi{t) = fi{g{t)) is constant along the Ricci 
flow. 

Proof. If (M , g) is ALE, it follows from the characterization in [3] 
that M = Mo U Moo with Mq compact and ~ (M" - Br{0)) /T, 
where F C 0{n) is a finite group acting freely on — Br{0), so 
that the asymptotic conditions (jl.lj) hold, where the asymptotic coor- 
dinates comes from the projection of the Euclidean coordinates under 
M" - Br{0) (R" - Br{0)) /T. Therefore, {M,g) has the asymptotic 
volume ratio 

1 

Since ALE is preserved along Ricci flow by Theorem d we deduce that 
is a constant by the continuity of /^(t), as shown in the following 
lemma. □ 

Lemma 9. Let g{t), < t < T , be a Ricci flow on M with uniformly 
bounded scalar curvature. Assume that the asymptotic volume ratio 
fi{t) = fi{g{t)) are well defined. Then fi{t) is a continuous function of 
t. 

Proof. The volume of a ball changes according to the formula 

jV{Br,g{t)) = - R{g{t))dv,(^ty (3.23) 
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Hence 

\jV{Br.,gm<KV{Br,g{t)), 
where K denotes the uniform bound on the scalar curvature. Therefore, 

e-^(*~*°V(i?,, (7(to)) < V{B,,g{t)) < e^(*-*»)F(5,, (^(to)), 
from which the continuity follows. 

□ 

4 The changing rate of mass 

For the mass to be well defined, one needs the integrability condition 
R & L} m addition to the requirement that the asymptotic order r > 
12); IIZ|- We have seen that the ALE property is preserved along 
the Ricci flow. We now examine the integrability condition. 

One thing that in particular guarantees the integrability is the decay 
condition 

R = 0(r-^), q>n. (4.24) 

We have 

Theorem 10. Let g{t) be the solution of the Ricci flow / li.6|) over 
[0, T] with uniformly bounded curvature. Assume that g{0) is ALE 
with asymptotic order r > and its scalar curvature satisfy the decay 
condition R{0) = 0{r^'^), q > 0. Then the scalar curvature of g{t) 
satisfies the decay condition 

R{t) =0{r-i'), g' = min{g,2(r + 2)}. 

Proof. This is similar to our proof of the ALE property. The scalar 
curvature satisfies the evolution equation 

—R = Ai? + 2LRcp. 
ot 

By the assumption and our result on the ALE property, we have |-Rcp = 
(9(^7--2(r+2)^_ Let / be the function in Lemma El and w = f R. Then 

{dt - A)w <Bw + 2qV log fVw + C, 
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where /^'|i?cp < C. Hence, by the argument in the proof of ALE 
property, we have 

maxw < Ci. 

Mt 

□ 

In particular, when the order of decay of the initial scalar curvature 
q > n and the asymptotic order r > then the order of decay of 
the evolving scalar curvature also satisfies q' > n. 

In general, without assuming the ALE conditions, we show that 
under the natural condition 

[ [ \Rc\^ < +00, (4.25) 
Jo Jm 

the property i? G is preserved under the Ricci flow if the decay 
condition 

R{t) = 0(r-") (4.26) 

holds uniformly for some a > n — 2 and all t G [0, T]. We remark that 
both conditions (j4.25|) and (j4.26|) are always true for < T < +00 if 
the initial metric is ALE, provided the order a = 2 + T>n — 2 (i.e. 
r > n — 4) and 2a > n in the curvature decay condition ()1.3|) . as it 
follows from our result on ALE property and Theorem ITUl 

Theorem 11. Let g{t) he the solution of the Ricci flow M.b]) over [0,T] 
with uniformly hounded curvature. Assume that the conditions ^-2^ 
and l{4 ■ ^(^ hold. Then the property R E is preserved under the Ricci 
flow. 

Proof. Recall that on M, 

AR = Rt- 2\Rc\'^ 

Let p = 1 + e with small e > 0. Let be a non-negative cut-off function 
such that < < 1 on M, = 1 on i?r(o), = outside B2r{o), and 

|V0p < 40/r2. 
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Then 

ft 



dt I ^'^\R\^-^{Rt-2\Rc\'^)sguR 
Jm 

^ [ dt [ (j)^\R\P-\AR)sgnR 
Jo Jm 

= -2 /" dt [ (p\R\P-^ < V(p,VR > sgnR 
Jo Jm 

-ip-1) fdt 1 02|i?r^|vi?p 

Jo Jm 

fdt [ \vct>m^-^-^p^ fdi [ <p'M\R\^/')\' 

Jo Jm P Jo Jm 



2 

< 



P - 1 io 



as r ^ oo. Here we have used the decay condition R = 0{r~") for 
some a > n — 2. 

By direct computation, we have 

[ dt [ (j)'^\R\P-\Rt-2\Rc\'^)sgnR 
Jo Jm 

= -2 /" dt [ (f)'^\R\P-^\Rc\^sgnR+ f dt f (P'^\R\P-^RtSgnR 
Jo Jm Jo Jm 

= -2 / dt f (l)^\R\P-^\Rc\^sgnR+- [ dt^ [ (j)^\R\P 
Jo Jm P Jo dt Jm 

+ - [ dt f (t)''\R\m 
P Jo Jm 

--2 /" dt f (j)^\Rr'\Rc\^sgnR+- f (l)^\R\P{t) - - f 0'|i?r(O) 
Jo Jm P Jm P Jm 

+ - [ dt I (j)^\R\PR. 
P Jo Jm 
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Hence, we have 

-2 [ dt [ (l)''\R\P-^\Rc\''sgnR+- [ 
Jo Jm P Jm 

- - f 0'|i?r(O) + - / dt f (f>^\RfR 
P Jm P Jo Jm 

< . 

- p-1 

Sending r +00, we get 

-2 [ dt f \RY-^\Rc\''sguR+- f \R\P(t)-- f \R\P{0) 
Jo Jm P Jm P Jm 

+ - f dt [ IRFR < 0. 



P Jo Jm 
Sending p ^ 1, we have that 
ft 



-2 [ dt [ \Rc\'^sgnR+ [ \R\{t) - [ \R\{0) + [ dt I \R\R<Q. 
Jo Jm Jm Jm Jo Jm 

That is, 

\R{t)\- [ \R{0)\< [ dt f R^ + 2 [ dt f |i^c|^ 
Jm Jo Jm Jo Jm 



'M 

which imphes that R & for each t > 0. □ 

Using similar argument, we can show that the property \Rm\ G 1/ 
{p > 1) is preserved under the Ricci flow with bounded curvature. 

We now look at the change of mass under the Ricci flow. Let 5" be 
a hypersurface in M. Without loss of generality, we can assume that 
M is oriented. 

We can take the local frame Fa such that Fi, are tangent 

to S and Fn — v\s orthogonal to 5" at X. 

Let uj"- be a local frame dual to F^. Then the area form on S is 

d5 = a;^ A... Aa;"-\ 

Let 

f^^d/dtUj\F,). 
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Then we have 

f,^ = -u^id/dtF,), 
which is a decay term of the same order as Rjk = 0{r^^), and 

Hence, 

d/dtdS = 0(r~"). 

It is also clear that 



Hence 
Therefore, 



9M^(F„,Fj = 0(r-'^). 
d/dtdS' = 0(r-"). 



J St — 'oo 
J St — *oo 

and the second term in the above equation is zero. So, under the flow, 
we have 

m'(t) = -2 /" (i?,,-, - R,,MS'. 

J St — *oo 

By using the contracted first Bianchi identity 
we have that 

Jo 2 

f Or — >oo 



Sr — ^oc 



Note that, by using the local gradient estimate of Shi (see Theorem 
13.1 in 0), we have that Ri = 0{\x\~") for cr = 2 + r. Hence, we have 

m'{t) = 
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when n = 3. The same is true if r > n — 3 for any dimension n > 3. 

Similarly, if the initial metric satisfies the additional decay condition 
11.81 then one has a better estimate Ri = 0{\x\~") for a = 3 + r. 
Therefore, m'{t) = provided r + 3 > n — 1. This will be the case if 
n < 6 and r > or r > min{n — 4, 

On the other hand, if R = 0{r^'^), q > n, then Theorem ITIll applies 
and we once again have m'(t) = 0. 

Combining the results in section 3, and 4, we have proved Theorem 

1. 

Let us now make an observation. Using the divergence theorem we 
have 



m'it) = — ARdVg 

Comparing this with the formula 

AR = Rt-2\Rc\'^, 

and 

/ Rdvg(t) = / Rtdvgit) - j R^dvgit), 

J Bf J Bf J Bf 



d_ 

'dt 

we obtain that 



vn!{t) = ^ f {Rt- 2\Rc\^)dVg^t) 



lim 



dt 



Rdva(t) + / R'^dva(t) —21 \Rc\'^dVa 



g(t) -tin. avg(t) - ^ I \rLC\ aVg(t) 

Br Bf 



(4.27) 

This yields the following result. 

Proposition 12. Under the Ricci flow for ALE metrics with l{4 ■ 25^ 
we have 

- [ RdVg^t)= [ {2\RC\' - R^) dVg^t), 

provided that n = 3 or r > n — 3. 
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5 Uniform convergence 



We now turn our attention to Theorem |21 First, we introduce the 
notion of uniform convergence in our context. To this end, we now 
discuss the weighted Sobolev spaces W^''^ and a certain related space 
Mr on an ALE space M, see pilT^. 

For q > 1 and r G M, the weighted Lebesque space L'^{M) consists 
of locally integrable functions u on M for which the norm 

ll^lk^ = ( / \r~^u\''r~'"'dYo\ 
\Jm 

is finite. For nonnegative integer k, the weighted Sobolev space W^'''{M) 
is the set of u for which |V*u| G L^{M) for < i < k, with the norm 

k 

\\u\\q,k,T = ^ ||V*M||<j,r- 

1=0 

For T > we define A^,- to be the set of all C°° metrics g on M 
such that, in some asymptotic coordinates, 

g,, - 6,, G W^'^'iM), R{g) G L\M). (5.28) 

We equip Air with the norm 

hllMr = - (^iillvK^^ + ll^(^?)IU^- (5-29) 

Now, consider the Ricci flow {M,g{t)) which we assume to exist 
for all time < t < oo. Furthermore, suppose that each {M,g(t)) is 
ALE of asymptotic order r > and that the scalar curvature R{t) 
of g{t) is integrable on M (so that the ADM mass is well defined), i.e. 
g{t) G Mr. 

Definition 13. We say that g{t) converges uniformly to g^ G Mr as 

t —>■ oo if g(t) converges to goo in Mr- 

We now prove Theorem |21 

Proof. This follows from the argument of ^21 Lemma 9.4]. The key 
here is the following identity, first observed in E] . In terms of the 
asymptotic coordinate, 

R{g) = dj{d,,g,, - djg,,) + 0{r~'^~^), (5.30) 
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where the 0(r^^^^^) is controlled by the W^^'^-noTm of g. 

Let ?7 be a cut off function which is identically 1 for large r and 
for r < 1 and inside. Then, by Divergence Theorem 



where (3 = {diQij — djgii)dj is the mass density vector. Theorem |21 now 
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